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1. INTRODUCTION 
In this paper, following [3], s(j, k) and S(j, k) denote the Stirling numbers 
of the first and second kind respectively. Also (h)t denotes the falling factorial, 
h(X - 1) 4.. (h - k + 1). In Section 2, using properties of the Stirling 
numbers, I prove that 
i S(n - i, j - i) i s(j, k) A” = (A), (A - i)‘-$ 
j=i k=O 
(1) 
and 
f: s(n - i..j - i) i S(j, k)(A), = hi(XJmi (2) 
j=i k=O 
for positive integers i and n where i < n. For ,j < 0 and/or k < 0, let 
s(j, k) = S(j, k) = 13~~ , the Kronecker delta function. For i and n fixed, 
equations (1) and (2) are the chromatic polynomials of a pair of complemen- 
tary graphs. For i = 1 equation (1) is equivalent to Jordan’s identity 6 on 
page 187 in [l]. In section 3,l consider number sequences obtained from the 
identities given above. 
Rota and Mullin [4] studied connection matrices for certain polynomial 
bases. The Stirling numbers connect the null graph basis {X” / k > 0) with 
the complete graph bais {(h)k 1 k > O}. Let G1 be the graph obtained by taking 
the Zykov [7] product of the null graph with n - i vertices and no edges, 
Nn-i , and the complete graph with i vertices and (i) edges, Ki . In this product 
graph each vertex of Nnei is connected by an edge to each vertex of Ki . 
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I obtained the left hand side of (1) by taking the umbra1 product [3,7] of 
the chromatic polynomial of Nn-i expressed in the complete graph basis 
and the chromatic polynomial of Kg expressed in the complete graph basis, 
and then by changing to the null graph basis. I obtained the right side of (1) 
by directly computing the chromatic polynomial of G1 using elementary 
chromatic polynomial theory (see [2]). I obtained (2) by similarly computing 
the chromatic polynomial of G, , the complement of G, , in two ways. 
2. PROOF OF IDENTITIES 
To prove identities (1) and (2), I use Stirling’s 
Stirling numbers: 
(4, = f s(m, w A”, 
k=O 
hm = f s(m, k)(& . 
k=O 
[see 31 definition for the 
(3) 
(4) 
Starting with the right hand side of identities (1) and (2), I obtain: 
n-i 
(qi (A - iy = (X)i c S(n - i, j>(A - i)j 
j=O 
(5) 
= ~S(n-i,j-i)(A)j, 
j-i 
n--i 
Ai(A)n-i = xi C s(n - i, j) )ci 
j=O 
(6> 
= i s(n - i, j - i) hi. 
j& 
Using (3) in (5) and (4) in (6), it follows that 
(A)i (A - i)n--i = i S(n - i, j - i) i ~(j, k) X”, 
j=i k=O 
hf(h),-f = i s(n - i, j - i) i S(j, k)(A), . 
j=f k=O 
(7) 
(8) 
This completes the proof of the identities given in equations (1) and (2). 
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3. NUMBER SEQUENCES 
By letting X = - 1, I found that the sum of the absolute values of the 
coefficients (relative to the null graph basis) of (Q(X - i)n-i equals 
i! (i + l>,-i. In Table I the (n, i)-entry is the sum of the coefficients (relative 
to the complete graph basis) of (h)i(X),-, . 
TABLE I 
\ i 1 2 3 4 5 6 7 8 Row sum n 
1 1 1 
2 2 2 4 
3 3 5 5 13 
4 4 10 15 15 44 
5 5 17 37 52 52 163 
6 6 26 77 151 203 203 666 
7 7 37 141 372 674 877 877 2985 
8 8 50 235 799 1915 3263 4140 4140 14550 
The entries in the first column of Table I are the positive integers because 
X(h),-, = (X), + (n - l)(h),-r . Also note that the entries on the main 
diagonal are the Bell numbers, B, (see [3]). Let b,,i denote the (n, Q-entry in 
Table 1. Thus b,,, = n and b,,, = B, . I claim that the following recurrence 
(n - 9 b,,i + b,+l,i = bn+l.i+l 
holds for positive integers II and i where n >, i. This claim follows from the 
following identity: 
(n - i) W),-i + wv(n+1)-i = ~i+l@)(n+l)-(i+l) * 
From this recurrence using induction on both n and i, I proved the following 
formula: 
b,.i = B1(B),-i 
where powers of B are to be considered umbrally, that is B” E Bk . To start 
the induction, I use the following result from Touchard [6]: 
0% = 1 for k>l. 
From which it follows that 
B(B)nq = (B)n + (n - l)(B),q = 1 + (n - 1) = n. 
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Therefore 
b,,, = B(B),-1 . 
The key step in this induction on n and i is the following computation: 
b,,i = (n - i) bn-I,i-l + b,,i-l 
= (n - i) Bi-l(B),-i + Bi-l(B),-i+l 
= Bi-l[(n - i)(B),-i + (B)n-i(B - (n - i))] 
= Bi-l(B),eiB = Bi(B),pi . 
Interesting number sequences appear in the rows, columns, and diagonals 
of Table I. In particular, the row sums form a sequence which does not appear 
in Sloane’s book [5]. 
ACKNOWLEDGMENT 
I thank John Riordan for his helpful suggestions and encouragement. 
REFERENCES 
1. C. JORDAN, “Calculus of Finite Differences,” 2nd ed., Chelsea, New York, 1947. 
2. R. C. READ, An introduction to chromatic polynomials, J. Combinatorial Theory 4 
(1968), 52-71. 
3. J. RIORDAN, “Combinatorial Identities,” Wiley, New York, 1968. 
4. G.-C. ROTA AND R. MULLIN, On the foundations of combinatorial theory, in “Graph 
Theory and Its Applications” (B. Harris, Ed.), Academic Press, New York 1970. 
5. N. J. A. SLOANE, “A Handbook of Integer Sequences,” Academic Press, New York, 
1973. 
6. J. TOUCHARD, Nombres exponentiels et nombres de Bernoulli, Canad. J. Math. 8 
(1956), 305-320. 
7. A. A. ZYKOV, On some properties of linear complexes, Amer. Math. Sot. Transl. No. 
79 (1952); translated from Mat. Sb. 24 (1949), 163-188. 
